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Abstract
We calculate the Heegaard genus, h(M), of the closed non-orientable Seifert manifolds.
If a 3-manifold M admits a decomposition M =H1 ∪H2 ∪H3 into three orientable handlebodies
of genera g1, g2, g3, respectively, and g1 6 g2 6 g3, we call the triple (g1, g2, g3) the tri-genus of
M if (g1, g2, g3) is minimal among all such triples ordered lexicographically.
We compute the tri-genus (g1, g2, g3) of all non-orientable Seifert manifolds M which admit an
S1-bundle structure with fiber an orientable surface. In this case the number g3 is much bigger than
h(M) for a fixed M .
We obtain also that h(M) is an upper bound for the number g3 in case M is a non-orientable
Seifert manifold which does not admit an S1-bundle structure.
We see that, although one could expect a relation between the number g3 and the Heegaard genus,
this relation, if any, can not be simple. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is a well-known and basic fact in Low-Dimensional Topology that every closed 3-
manifold M can be represented as the union of two homeomorphic handlebodies with
disjoint interiors, M = H1 ∪ H2. The least possible genus of the handlebodies, among
all such Heegaard decompositions, is called the Heegaard genus of M , and is denoted
by h(M). The computation of this invariant is usually not an easy task, and is always
interesting to calculate the Heegaard genus of the better known examples of 3-manifolds.
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Boileau and Zieschang calculated the Heegaard genus of almost all the closed orientable
Seifert manifolds. In this work we calculate the Heegaard genus of essentially all the closed
non-orientable Seifert manifolds. In the undecided cases (which appear among the non-
orientable Seifert manifolds with exactly one exceptional fiber) we give very restrictive
bounds for the Heegard genus (Section 5).
If M is an orientable 3-manifold, then the handlebodies H1,H2 of a Heegaard
decomposition of M are orientable. But if M is non-orientable, then the two handlebodies
are necessarily non-orientable. However, as was recently shown [3], any M can always be
represented as the union of three orientable handlebodies with pairwise disjoint interiors,
M =H1 ∪H2 ∪H3. The 3-manifold M is said to have tri-genus (g1, g2, g3), if it can be
represented as the union of three orientable handlebodiesH1,H2,H3 as above, with genera
g1, g2, g3, respectively, and such that (g1, g2, g3) is the minimal possible triple among
all such triples, with respect to the lexicographic ordering. The tri-genus of an orientable
manifold M is of the form (0,0, g3), for M has an orientable Heegaard decomposition,
and an orientable handlebody can be decomposed into the union of two 3-balls; since the
tri-genus is additive with respect to connected sums (see [4]), and the tri-genus of S2× S1
is (0,0,0), by taking the connected sum of M with many copies of S2 × S1, we obtain a
manifold with a fixed tri-genus (0,0, g3), but arbitrarily large Heegaard genus.
For a non-orientable manifold it is an interesting problem to relate the numbers g1,
g2, and g3 to some other invariants of M , easier of compute, or at least better known.
In [4], a relation of this kind was obtained for g1 and g2: let SWg(M) denote the Stiefel–
Whitney genus of a non-orientable closed 3-manifold M , which is the minimal genus of
an orientable surface representing the Poincaré dual of the first Stiefel–Whitney class of
M (see Section 4); if the Bockstein of the first Stiefel–Whitney class of M vanishes,
βw1(M) = 0, then g1 = 0 and g2 = 2SWg(M); and if βw1(M) 6= 0, then g1 = 1 and
g2 6 2SWg(M)− 1 (deciding whether an equality holds in the last inequality for g2 seems
to be a rather difficult task). In this work we calculate the Stiefel–Whitney genus of all
closed non-orientable Seifert manifolds, and, therefore also the number g2.
What can be said about g3? It was suggested [4, Remark after Corollary to Theorem 2.4]
that, avoiding non-separating 2-spheres, say, by considering a prime manifold M , the
number g3 may be related to the Heegaard genus of M by h(M) = g3 + 1, or = g3,
depending on if βw1(M) vanishes or not, respectively. In this work we show that a relation,
if any, between h(M) and the number g3 cannot be that simple even in the class of non-
orientable Seifert manifolds:
In Theorem 6.1 we show that if M is a non-orientable Seifert manifold, then in the
generic case (Theorem 6.1(iii), and (iv)), it holds that g3 6 h(M). But, under different
conditions (Theorem 6.1(ii)), namely, if M is in addition a bundle over S1 with fiber
an orientable surface, we can have g3 arbitrarily large, say, just by considering an
M with many exceptional Seifert fibers of high order. For example (we use Seifert’s
notation [8]; see also Section 2), if M = (NnI,3|(1,0), (2,1), (α,1)), where α is odd, then
by Theorem 6.1(ii), g3 = 10α−2 for thisM; if we let α vary in the set of odd numbers, then
g3 goes to infinity. But, by Theorem 5.1(iia), for any choice of α, it holds that h(M)= 4 (in
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the simplest case, α = 3, we have g3 = 28). Thus we see from this example that g3 seems
to be an independent quantity of h(M).
Along this work we touch upon several interesting matters concerning non-orientable
Seifert manifolds. In Section 2 we establish an easy criterion, in terms of the Seifert
invariants, for deciding whether Bockstein of w1(M) is zero or not (Theorem 2.1). In
Section 3 we compute, in terms of the Seifert invariants, the minimal genus of a surface
F such that M fibers over S1 with fiber F (Theorems 3.1 and 3.2). In Section 4 we
compute, in terms of the Seifert invariants, the Stiefel–Whitney genus ofM (Theorem 4.2).
In Section 5 we compute the Heegaard genus of the non-orientable Seifert manifolds.
And finally, in Section 6, we construct explicit decompositions of the non-orientable
Seifert manifolds into three orientable handlebodies.
In Section 2 we make use of the following result:
Lemma 1.1 [3]. Let M be a non-orientable 3-manifold. Let β :H 1(M;Z2)→H 2(M;Z)
be the Bockstein homomorphism associated to the exact sequence of coefficients 0→ Z→
Z→ Z2→ 0. Then βw1(M)= 0 if and only if each finite order element of H1(M;Z) is
orientation preserving in M .
Corollary. Suppose H1(M;Z)∼=⊕ni=1Gi . Then βw1(M) = 0 if and only if each finite
order element of Gi is orientation preserving in M , for i = 1,2, . . . , n.
If α1, . . . , αr are integers, we denote by gcd{α1, . . . , αr } the greatest common divisor of
α1, . . . , αr ; and by lcm{α1, . . . , αr } the least common multiple of α1, . . . , αr .
2. Homology of Seifert manifolds
Throughout the rest of this section M is a closed Seifert manifold and p :M → G is
the orbit projection. There are six classes of Seifert manifolds, depending on the valuation
e :H1(G)→Z2 of the orbit surface [8]. A simple closed curve α inG has value e(α)=+1,
or −1, if the translation of a fiber h in M along α preserves or reverses the orientation of
h, respectively. It is an easy task to compute a presentation of the first homology group of
a Seifert manifold M , just by examining its associated Seifert symbol. We list the classes
of Seifert manifolds (with the notation as in [8]) together with such a presentation:
(Oo) The orbit surface G is orientable of genus g > 0, and all simple closed curves
of G have value +1.
If M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr)), then
H1(M)∼=
〈
a1, b1, . . . , ag, bg, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 0,
αiqi + βih= 0, i = 1, . . . , r
〉
,
where the presentation (here and in the following) is an Abelian group
presentation.
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(On) The orbit surface G is non-orientable of genus k > 1, and all simple closed
(orientation reversing) curves of a canonical basis of G have value −1.
If M = (On, k|(1, b), (α1, β1), . . . , (αr , βr )), then
H1(M)∼=
〈
v1, . . . , vk, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2v1 + · · · + 2vk,
αiqi + βih= 0, i = 1, . . . , r,
2h= 0〉.
(No) The orbit surface G is orientable of genus g > 1, and all simple curves of a
canonical basis of G has value +1 except one, say a1, for which e(a1)=−1.
If M = (No, g|(1, b), (α1, β1), . . . , (αr , βr )), then
H1(M)∼=
〈
a1, b1, . . . , ag, bg, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 0,
αiqi + βih= 0, i = 1, . . . , r,
2h= 0〉.
(NnI) The orbit surface G is non-orientable of genus k > 1, and all simple closed
curves have value +1.
If M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr)), then
H1(M)∼=
〈
v1, . . . , vk, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2v1 + · · · + 2vk,
αiqi + βih= 0, i = 1, . . . , r
〉
.
(NnII) The orbit surface G is non-orientable of genus k > 2, and if v1, . . . , vk is a
canonical basis of orientation reversing curves on G, then e(vi) = −1, for
i = 2, . . . , k; and e(v1)=+1.
If M = (NnII, k|(1, b), (α1, β1), . . . , (αr , βr )), then
H1(M)∼=
〈
v1, . . . , vk, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2v1 + · · · + 2vk,
αiqi + βih= 0, i = 1, . . . , r,
2h= 0〉.
(NnIII) The orbit surface G is non-orientable of genus k > 3, and if v1, . . . , vk is a
canonical basis of orientation reversing curves on G, then e(vi) = −1, for
i = 3, . . . , k; and e(v1)= e(v2)=+1.
If M = (NnIII, k|(1, b), (α1, β1), . . . , (αr , βr)), then
H1(M)∼=
〈
v1, . . . , vk, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2v1 + · · · + 2vk,
αiqi + βih= 0, i = 1, . . . , r,
2h= 0〉.
In all cases h is the class of an ordinary fiber of M , and q1, . . . , qr are curves contained
in neighborhoods of the exceptional fibers of M .
Remark. In the presentation of the first homology group of the Seifert manifold
M = (Xx,m|(1, b), (α1, β1), . . . , (αr , βr)), the generators q1, . . . , qr, h are represented by
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orientation preserving curves in M , for they are contained in solid tori of M . Thus to find
orientation reversing generators, one must look at the generators arising from the orbit
surface.
Let M be a Seifert manifold. We write M ∈ (Xx,m) if M is of class Xx, and has orbit
surface of genus m.
We shall prove two auxiliary lemmas in order to obtain the useful Theorem 2.1. First
some technical definitions:
Let M = (Xx,m|(1, b), (α1, β1), . . . , (αr , βr )) be a Seifert manifold, and consider the
group H = 〈q1, . . . , qr , h: αiqi + βih= 0〉.
We define δ1 = 1; α′1 = α1; β ′1 = β1.
Choose integers ρ1, σ1 such that α′1ρ1 + β ′1σ1 = 1, and we define
u1 =−σ1q1 + ρ1h; x1 = α′1q1 + β ′1h.
Suppose that we have defined integers δi , ρi , σi , α′i , β ′i , and elements ui , xi ∈ H , for
i > 1. Then we define
δi+1 = gcd
{
αi+1, α′1 · · ·α′iβi+1
}= gcd{αi+1, α′1 · · ·α′i},
α′i+1 =
αi+1
δi+1
; β ′i+1 =
α′1 · · ·α′i
δi+1
βi+1.
Choose integers ρi+1, σi+1 such that α′i+1ρi+1 + β ′i+1σi+1 = 1, and we define
ui+1 =−σi+1qi+1 + ρi+1ui; xi+1 = α′i+1qi+1 + β ′i+1ui.
Lemma 2.1.
(a) δ1 · · · δj = α1 · · ·αj /lcm{α1, . . . , αj }, for 16 j 6 r .
(b) α′1 · · ·α′j = lcm{α1, . . . , αj }, for 16 j 6 r .
Proof. (a) By induction on r . The first induction step is δ1 = 1= α1/lcm{α1}.
Suppose
δ1δ2 · · · δj = α1 · · ·αjlcm{α1, . . . , αj } , for j > 1.
Then
δj+1 = gcd{αj+1, α′1 · · ·α′j }
= gcd
{
αj+1,
α1 · · ·αj
δ1 · · · δj
}
= gcd{αj+1, lcm{α1, . . . , αj }} (by induction hypothesis)
= αj+1 · lcm{α1, . . . , αj }
lcm{αj+1, lcm{α1, . . . , αj }}
= αj+1 · lcm{α1, . . . , αj }
lcm{α1, . . . , αj ,αj+1} .
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Therefore
δ1 · · · δj δj+1 = α1 · · ·αjlcm{α1, . . . , αj } ·
αj+1 · lcm{α1, . . . , αj }
lcm{α1, . . . , αj ,αj+1}
= α1 · · ·αj · αj+1
lcm{α1, . . . , αj ,αj+1} . 2
Lemma 2.2. H
ϕr∼= 〈x2, . . . , xr, ur : δ2x2 = 0, . . . , δrxr = 0〉, and the isomorphism ϕr is
given by
ϕrh= α′1 · · ·α′rur ,
−ϕrq1 = β ′1α′2 · · ·α′rur + β ′1α′2 · · ·α′r−1σrxr + · · · + β ′1σ2x2,
...
−ϕrqj = β ′jα′j+1 · · ·α′rur + β ′jα′j+1 · · ·αr−1σrxr + · · · + β ′j σj+1xj+1 − ρjxj ,
...
−ϕrqr = β ′rur − ρrxr .
In particular, if ϕr(−bh+ q1 + · · · + qr)= λur + λ2x2 + · · · + λrxr , then
−λ= bα′1 · · ·α′r + β ′1α′2 · · ·α′r + β ′2α′3 · · ·α′r + · · · + β ′r
= lcm{α1, . . . , αr }
(
b+
r∑
i=1
βi
αi
)
.
Proof. The lemma follows by induction on r , applying successively the Tietze moves
suggested by the definitions of uj and xj , for j = 1, . . . , r , and chasing the isomorphism
induced by each Tietze move. For example, the first induction step goes as follows:
Since
α1u1 =−α1σ1q1 + α1ρ1h
=−α1σ1q1 + (1− β1σ1)h
=−σ1(α1q1 + β1h)+ h,
and
−β1u1 =−β1σ1q1 − β1ρ1h
= (1− α1ρ1)q1 − β1ρ1h
= q1 − ρ1(α1q1 + β1h),
we have that h= α1u1, and q1 =−β1u1 in the group H . We perform the substitutions
α1q1 + β1h=−α1β1u1 + α1β1u1 = (−α1β1 + α1β1)u1,
−σ1q1 + ρ1h= σ1β1q1 + ρ1α1u1 = u1,
αjqj + βjh= αj qj + βjα1u1,
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for j = 2, . . . , r , and obtain the isomorphism
H
ϕ1∼= 〈q2, . . . , qr, u1: α2q2 + β2α′1u1 = 0, . . . , αrqr + βrα′1u1 = 0〉. 2
If M = (Xx,m|(1, b), (α1, β1), . . . , (αr , βr )) is a Seifert manifold, we define
λ(M)= lcm{α1, . . . , αr }
(
b+
r∑
i=1
βi
αi
)
.
Theorem 2.1. IfM is the Seifert manifold with the associated Seifert symbol (Xx, k|(1, b),
(α1, β1), . . . , (αr , βr )), where Xx ∈ {No,NnI,NnII,NnIII}, then βw1(M) 6= 0 if and only
if, either
(i) Xx= NnII, or
(ii) Xx= NnI, and k is odd, and λ(M) is even.
Proof. In the following we modify the presentation of the first homology group of M
given at the beginning of this section, and using the corollary to Lemma 1.1, we determine
if βw1(M) is the homomorphism zero or not, by looking for orientation reversing curves
of finite order.
(1) M = (No, g|(1, b), (α1, β1), . . . , (αr , βr )). Then H1(M) = 〈a1, b1, . . . , ag, bg, q1,
. . . , qr, h: −bh+ q1+ · · ·+ qr = 0, αiqi + βih= 0, 2h= 0〉 ∼= 〈a1, b1, . . . , ag, bg: −〉⊕
〈q1, . . . , qr , h: −bh + q1 + · · · + qr = 0, αiqi + βih = 0, 2h = 0〉. We see that the
generators a1, b1, . . . , ag, bg ofH1(M) arising from the orbit surface ofM all have infinite
order, so βw1(M)= 0.
(2)M = (NnI,2k|(1, b), (α1, β1), . . . , (αr , βr )), k > 1. ThenH1(M)= 〈v1, . . . , v2k, q1,
. . . , qr, h: −bh+q1+· · ·+qr = 2v1+· · ·+2v2k, αiqi+βih= 0〉 ∼= 〈v1, . . . , v2k−1: −〉⊕
〈t, q1, . . . , qr, h: −bh + q1 + · · · + qr = 2t, αiqi + βih = 0〉, where the substitution
t = v1 + · · · + v2k was made. All the vi ’s are orientation reversing in M . Since t is the
sum of an even number of orientation reversing curves, t is orientation preserving in M . It
is clear that the torsion elements of H1(M) are all contained in the right summand of the
presentation above. Therefore all curves of finite order in H1(M) preserve the orientation
in M; and βw1(M)= 0.
(3)M = (NnIII, k|(1, b), (α1, β1), . . . , (αr , βr )), k > 3. ThenH1(M)= 〈v1, . . . , vk, q1,
. . . , qr, h: −bh + q1 + · · · + qr = 2v1 + · · · + 2vk, αiqi + βih = 0, 2h = 0〉 ∼= 〈v1,
. . . , vk−1: −〉 ⊕ 〈t, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2t, αiqi + βih = 0, 2h = 0〉,
where t = v1+· · ·+vk . The curves v1 and v2 are orientation reversing, and vi is orientation
preserving in M , for i = 3, . . . , k. So t is orientation preserving in M . We conclude, as in
case (2), that βw1(M)= 0.
(4) M = (NnII, k|(1, b), (α1, β1), . . . , (αr , βr )), k > 2. Then H1(M)= 〈v1, . . . , vk, q1,
. . . , qr, h: −bh + q1 + · · · + qr = 2v1 + · · · + 2vk, αiqi + βih = 0, 2h = 0〉 ∼= 〈v1,
. . . , vk−1: −〉 ⊕ 〈t, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2t, αiqi + βih = 0, 2h = 0〉,
where t = v1 + · · · + vk . Since v1 is orientation reversing, and vi is orientation preserving
in M , for i = 2, . . . , k, so t is orientation reversing in M . The second summand in the last
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presentation is clearly a torsion group, thus t has finite order in H1(M). We conclude that
βw1(M) 6= 0.
(5) M = (NnI,2k + 1|(1, b), (α1, β1), . . . , (αr , βr )), k > 0. Then H1(M) = 〈v1, . . . ,
v2k+1, q1, . . . , qr, h: −bh + q1 + · · · + qr = 2v1 + · · · + 2v2k+1, αiqi + βih = 0〉 ∼=
〈v1, . . . , v2k: −〉 ⊕ 〈t, q1, . . . , qr, h: −bh+ q1 + · · · + qr = 2t, αiqi + βih = 0〉, where
t = v1 + · · · + v2k+1. Since t is the sum of an odd number of orientation reversing curves,
so t is orientation reversing in M . Using Lemma 2.2, we see that
〈t, q1, . . . , qr , h: −bh+ q1 + · · · + qr = 2t, αiqi + βih= 0〉
∼= 〈t, x2, . . . , xr , ur : λur + λ2x2 + · · · + λrxr = 2t, δixi = 0〉,
where λ= λ(M)= lcm{α1, . . .αr }(b+∑ri=1(βi/αi)).
Case 1: λ is even. Definew = t− (λ/2)ur . Then 2δ2 · · · δnw = 0, that is, w is a reversing
orientation curve, and w has finite order in H1(M), for t is orientation reversing, and ur is
orientation preserving. Therefore βw1(M) 6= 0.
Case 2: λ is odd, say λ = 2`+ 1. If w = −`ur + t , and v = λur − 2t , then ur = 2w,
and t = λw + `v; we have 〈t, x2, . . . , xr , ur : λur + λ2x2 + · · · + λrxr = 2t, δixi = 0〉 ∼=
〈w: −〉⊕ 〈x2, . . . , xr : δixi = 0〉.
Since x2, . . . , xr are orientation preserving curves in M , and generate the torsion of
H1(M), we conclude that βw1(M)= 0. 2
3. Fiberings over S1
In what follows if F ⊂M→ S1 is a fibering, andM is a Seifert manifold, we call F the
‘leaf’ of the fibering; and the fibers of the Seifert fibration of M are still called the ‘fibers’
of M .
We always suppose that the fibering over S1 is equivariant with respect to the Seifert
fibration, that is, the leaf of the fibering is transversal to all the fibers of M .
It is known [6, pp. 120–121], that the (irreducible) Seifert manifold M fibers
equivariantly over S1 with leaf a closed surface if and only if h has infinite order inH1(M),
where h is the class of an ordinary fiber of M .
Note that the excluded manifolds in the hypothesis of the Orlik Theorem, that is, the
non-irreducible Seifert manifolds are the two S2-bundles over S1, S2 × S1, and S2 ⊗ S1;
and P 3#P 3, where P 3 is the projective space. If we add to this list the manifold P 2 × S1,
then we obtain a list of all the non P 2-irreducible Seifert manifolds.
We emphasize that we shall consider only equivariant fiberings over S1 with respect to
the Seifert structure of M . For instance, if M = (No,1|(1,0)), then 2h= 0 in H1(M), and
thereforeM has no equivariant fiberings over S1. YetM ∼=K2×S1, whereK2 is the Klein
bottle; of course in this last Seifert structure, K2 × S1 = (NnI,2|(1,0)) the fiber, which is
the class of the S1 factor, has infinite order in H1(K2 × S1).
We are interested in the nature of the fiberings over S1 of the Seifert manifolds, and,
mainly, if F ⊂M→ S1 is a fibering, we are looking for the surface F for which the Euler
characteristic, χ(F) is maximal. In this section we prove
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Theorem 3.1. If M is an orientable, irreducible Seifert manifold which fibers over S1,
then M ∈ (Oo, g).
If M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr )), then M fibers over S1 if and only if
λ(M)= 0, and in this case the leaf F with maximal Euler characteristic satisfies
χ(F)= α
(
χ(G)−
r∑
i=1
αi − 1
αi
)
,
where α = lcm{α1, . . . , αr }, and G is the orbit surface of M , and λ(M) is as defined in
Section 2.
Theorem 3.2. If M is a non-orientable, P 2-irreducible Seifert manifold, then M fibers
over S1 if and only if M is of class NnI.
If M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr )), then M fibers over S1 with leaf a surface
F such that
(i) If λ(M) is odd, then F is orientable, and the leaf of maximal Euler characteristic
satisfies
χ(F)= 2α
(
χ(G)−
r∑
i=1
αi − 1
αi
)
.
(ii) If λ(M) is even, then F is non-orientable, and if k is even, then χ(F) is even. The
leaf of maximal Euler characteristic satisfies
χ(F)= α
(
χ(G)−
r∑
i=1
αi − 1
αi
)
,
where α = lcm{α1, . . . , αr }, andG is the orbit surface ofM , and λ(M) is as defined
in Section 2.
Let ϕ :F ⊂ M → S1 be a fibering, where M is the irreducible Seifert manifold
(Xx,m|(1, b), (α1, β1), . . . , (αr , βr )). Let p :M → G be the orbit projection of M . We
assume that F is transverse to all the fibers of M . Since M is irreducible, we know that
F 6∼= S2. We suppose also that F 6∼= P 2, which is a condition equivalent to M 6∼= P 2 × S1.
Let H 6 H1(M) be a cyclic subgroup which is a direct summand of H1(M), and such
that, the fiber, h ∈ H . Let u ∈ H1(M) be a generator of H . Now if the intersection
number u · [F ] = d , then h · [F ] = dα, where h = αu, and α > 1. It is easily seen
that α is a well defined integer, depending only on H1(M). Define g = p|F :F → G,
then g −1(x) = p−1(x) ∩ F consists of dα points for each ordinary point x ∈ G; and
g−1(y) = p−1(y) ∩ F consists of dα/αi points for each exceptional point of order αi
for y ∈G, i = 1, . . . , r . Then
Fact 1. The map g is a cyclic branched covering of total degree dα, branched along
{p1, . . . , pr } ⊂ G, where pi is the exceptional point of order αi ; and g has local degree
deg(g; y˜)= αi in y˜ for each y˜ ∈ g−1(pi), i = 1, . . . , r .
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By the Riemman–Hurwitz formula we see that
χ(F)= dαχ(G)−
∑
y∈F
[
deg(g;y)− 1]
= dαχ(G)−
r∑
i=1
dα/αi∑
j=1
(αi − 1)
= dαχ(G)−
r∑
i=1
dα
αi
(αi − 1).
= dα
(
χ(G)−
r∑
i=1
αi − 1
αi
)
.
Remark 3.1. Since H1(M) = K ⊕ H , where K 6 H1(M), we have the epimorphism
f :H1(M) → Z such that f (u) = d , and f (K) = {0}, and, therefore, we have an
epimorphism
f =Ab ◦ f :pi1(M)→Z,
where Ab is the Abelianization homomorphism. Following [9] we can construct a fibering
F ′ ⊂M→ S1 such that u · [F ′] = d , and, thus, h · [F ′] = dα. Of course, if d = 1, this is
the ‘minimal’ fibering of M (see Lemmas 3.2 and 3.3).
Lemma 3.1. Let G,H,K be groups, and let f :G→ H , and g :H → K be homomor-
phisms such that Imf is normal in H .
(a) If g is epimorphism, then g ◦ f is epimorphism if and only if Imf ·Kerg =H .
(b) If p :H → H/ Imf is the natural projection, then Imf · Kerg =H if and only if
Imp = p(Kerg).
Proof. (a) Let us suppose that g ◦ f is an epimorphism. Let x ∈ H . By hypothesis
there exists t ∈ G such that g ◦ f (t) = g(x); therefore (f (t))−1x ∈ Kerg, and x =
f (t)(f (t))−1x ∈ Imf ·Kerg. Thus H ⊂ Imf ·Kerg.
Now let us suppose that Imf ·Kerg =H . Let y ∈K . Since g is an epimorphism, there
exists v ∈H such that g(v) = y; by hypothesis there exists t ∈G and k ∈Kerg such that
v = f (t)k; therefore g ◦ f (t) = g(f (t)) = g(f (t))g(k) = g(f (t)k) = g(v) = y , that is,
g ◦ f is an epimorphism.
(b) Let us suppose that Imf · Kerg = H . Let x ∈ Imp. There exists v ∈ H such
that x = p(v); by hypothesis there are t ∈ G and k ∈ Kerg such that v = f (t)k; thus
x = p(v)= p(f (t)k)= p(f (t))p(k)= p(k) ∈ p(Kerg). Therefore Imp⊂ p(Kerg).
Let us suppose that Imp = p(Kerg). Let x ∈ H . By hypothesis there exists k ∈ Kerg
such that p(x) = p(k); therefore p(xk−1) = 1, and so xk−1 ∈ Imf ; thus there exists
r ∈G such that xk−1 = f (r). It follows that x = f (r)k ∈ Imf ·Kerg; we conclude that
H ⊂ Imf ·Kerg. 2
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Lemma 3.2. Let B be a closed surface. Let ϕ :F → B be a cyclic branched covering,
branched along Bϕ = {p1, . . . , pr }, such that the local degree of ϕ at p˜ is αi , for all
p˜ ∈ ϕ−1(pi), i = 1, . . . , r .
(i) If q is the total degree of ϕ, and α = lcm{α1, . . . , αr }, then α divides q .
Moreover q = α if and only if ϕ is primitive, that is, ϕ# :pi1(F ) → pi1(B) is an
epimorphism.
(ii) If ϕ is primitive, then B is non-orientable if and only if F is non-orientable.
Proof. (i) Let Di ⊂ B be a regular neighbourhood of pi such that Di ∩Dj = ∅ if i 6= j ;
and let di = ∂Di , for i, j = 1, . . . , r . Define
B̂ = B −
⋃
Di and F̂ = F −
⋃
ϕ−1(Di).
Since B is a closed surface, pi1(B) = 〈x1, . . . , xn : s = 1〉 (non-Abelian presentation),
where s is a product of commutators, or a product of squares, if B is orientable or
not, respectively; therefore pi1(B̂ ) = 〈x1, . . . , xn, d1, . . . , dr : d1 · · ·dr = s〉; thus i# is an
epimorphism, and Ker i# = 〈d1, . . . , dr〉 is the subgroup generated by {d1, . . . , dr}, where
i : B̂ ↪→ B is the inclusion. Now ϕ is a cyclic cover, so
pi1(B̂ )
Imϕ#
∼=Zq.
Let D˜i be a component of ϕ−1(Di); since the local degree of ϕ at p˜ is αi for each
p˜ ∈ ϕ−1(pi), we see that ϕ|#(∂D˜i) = dαii , and ϕ#(γ ) 6= dβi for each number β such that
0< |β|< αi , and each γ ∈ pi1(B̂ ), i = 1, . . . , r . Therefore the order o([di])= αi in
pi1(B̂ )
Imϕ|#
∼=Zq;
in particular, αi divides q for i = 1, . . . , r; and we have that α = lcm{α1, . . . , αr } divides q .
Assume now that α = q . This happens if and only if
pi1(B̂ )
Imϕ#
= 〈[d1], . . . , [dr ]〉= p(Ker i#),
where
p :pi1(B̂ )→ pi1(B̂ )Imϕ#
is the natural projection. By Lemma 3.1 this condition is equivalent to say that ϕ# ◦ i# is an
epimorphism, for i# is an epimorphism.
Since the diagram of homomorphisms
pi1(F̂ )
j#
ϕ|#
pi1(F )
ϕ#
pi1(B̂ )
i#
pi1(B)
commutes, it follows that ϕ|# ◦ i# is an epimorphism if and only if ϕ# is an epimorphism,
for j# is an epimorphism.
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(ii) If F is non-orientable, then B is non-orientable clearly. Suppose B is non-orientable,
and F is orientable. Let W 6 pi(B̂) be the index 2 orientation subgroup, then Imϕ|# 6W ;
since Imϕ|# · Ker i# = pi1(B̂), it follows that there exist elements in Ker i# which reverse
the orientation in B̂ , for the index of W in pi1(B̂ ) is 2. This contradicts the fact that Ker i#
is generated by the boundary components of B̂ , as shown in the proof of case (i). This
contradiction shows that F must be non-orientable. 2
Lemma 3.3. Let M = (Xx,m|(1, b), (α1, β1), . . . , (αr , βr )) be a Seifert manifold. If F ′ ⊂
M → S1 is a fibering, and p :M → G is the orbit projection, then ϕ = p|F ′ :F ′ → G
factors through a primitive, cyclic branched covering g¯ :F → G, and a covering space
ψ :F ′ → F .
Proof. We call Ĝ=G−N (Bϕ). Let
ρ :pi1(Ĝ )→ pi1(Ĝ )Imϕ#
be the natural projection. Since
pi1(Ĝ )
Imϕ#
∼=Z(qα)
for some positive integer q , and where α = lcm{α1, . . . , αr }, then H = ρ−1{0, q,2q, . . . ,
(α−1)q} is a subgroup of pi1(Ĝ) of index α, and Imϕ|# 6H . Thus there exist ψ̂ : F̂ ′ → F̂
a covering space of degree q , and gˆ : F̂ → Ĝ a cyclic covering space of degree α which
factor ϕ|. Realizing a Fox compactification, we obtain ψ :F ′ → F a covering space of
degree q , and g¯ :F →G a cyclic branched covering of total degree α, which is primitive
by Lemma 3.2. 2
Proof of Theorem 3.1. Suppose that M is orientable and irreducible.
(i) If M ∈ (On, k), then the relation 2h= 0 holds in H1(M), and therefore M does not
fiber over S1 [6].
(ii) If M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr)), then
H1(M)
ϕr∼= 〈x2, . . . , xr, ur : δixi = 0, −λur = λ2x2 + · · · + λrxr〉
and
ϕr(h)= lcm{α1, . . . , αr }ur.
It follows that h has infinite order in H1(M) if and only if −λ = −λ(M) = 0. Notice
that the cyclic direct summand of H1(M) which contains h is H = 〈ur 〉. 2
Remark 3.2. Since α = lcm{α1, . . . , αr } 6= 0, the condition λ(M)= 0 is equivalent to the
condition of [6, p. 122], that e= λ/α = 0.
Proof of Theorem 3.2. Suppose that M is non-orientable and P 2-irreducible with orbit
surface G.
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If either M is of class No, NnII, or NnIII, then 2h= 0 in H1(M); therefore M does not
fiber over S1 [6].
Now suppose that M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr )). Then
H1(M)
ϕr∼=Zk−1 ⊕ 〈t, x2, . . . , xr, ur : δixi = 0, 2t − λur = λ2x2 + · · · + λrxr〉.
Case 1: λ= λ(M) is odd, say λ= 2`+ 1. Define w =−`ur + t , and v = λur − 2t ; then
it holds, in H1(M), that ur = 2w + v, and t = λw + `v. Using the corresponding Tietze
moves we see that
H1(M)
ϕ∼=Zk−1 ⊕ 〈w: −〉⊕ 〈x2, . . . , xr, v: δixi = 0, λ2x2 + · · · + λrxr = v〉
=Zk−1 ⊕ 〈w: −〉⊕ 〈x2, . . . , xr : δixi = 0〉,
thus ϕ(h) = αur = 2αw has infinite order in H1(M), and M fibers over S1 with leaf a
surface F ⊂M such that g¯ = p|F :F →G is a cyclic branched covering of total degree
2α (see Fact 1 at the beginning of this section). Notice that the cyclic direct summand of
H1(M) which contains h is H = 〈w〉.
If there were another fibering F ′ ⊂M→ S1 we obtain, as in the proof of Lemma 3.3, a
covering space F ′ → F . Therefore χ(F)> χ(F ′), and F ′ is orientable, if F is orientable.
We have established the fact that in case there exists a fibering F ⊂ M → S1 with
orientable leaf, and such that the associated branched covering F → G has total degree
2α, then all the possible fiberingsM→ S1 have orientable leaf. Moreover, in this case, that
such an orientable F exists, consider ρ : G˜→G the orientation double covering space. We
have the factorization
F
g¯
g˜
G˜
ρ
G
and g˜ satisfies the hypothesis of Lemma 3.2, that is, g˜ is a branched covering, branched
along {p1,p′1, . . . , pr ,p′r }, and the local degree of g˜ at p˜ is αi for each p˜ ∈ g˜−1(pi) ∪
g˜−1(p′i ), i = 1, . . . , r , and the total degree of g˜ is α = lcm{α1, . . . , αr }. Therefore g˜ is
primitive.
We shall exhibit a fibering of M over S1 with the above properties, and with F
orientable. And Theorem 3.2 will follow in this case.
Lemma 3.4. If M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr)), and λ(M) is odd, then there
exist F an orientable surface, and g :F → F a periodic homeomorphism of period
2α = 2 lcm{α1, . . . , αr }, such that M ∼= (F × I)/g.
Proof. Let nX denote the disjoint union of n copies of the space X. Let Γ` be the union
of the line segments
⋃`−1
m=0{te2pi im/`: 06 t 6 1}. We construct a branched covering
ϕn : (α/αn)S
2→ S2, for n ∈ {1, . . . , r}
as follows:
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Let S1 ⊂R3 be the boundary of a small regular neighbourhood of Γαn ×{0} in R3. Then
S1 ∼= S2. For each j ∈ {2, . . . , α/αn}, let Sj be the image of S1 under the rotation of R3
with axis of rotation the z-axis and angle 2pi(jβn)/α, followed by the translation of R3
given by (x, y, z) 7→ (x, y, z+ j). We see that S1 ∪ · · · ∪ Sα/αn ∼= (α/αn)S2. Now let
ψn :
α
αn
S2→ α
αn
S2
be the homeomorphism such that, if x ∈ Sj (j = 1, . . . , α/αn−1), then ψn(x) is the point
obtained by a rotation of R3 with axis the z-axis and angle 2pi(βn/α), and then translating
a distance of 1 in the direction of the z-axis; and if x ∈ Sn, then ψn(x) is the point obtained
by a rotation of R3 along the z-axis of angle 2pi(βn/α), and then translating a distance of
α/αn in the negative direction of the z-axis. Clearly the quotient(
α
αn
S2
)/{
x ∼ψn(x)
}∼= S2,
and we let
ϕn :
α
αn
S2→ S2
be the natural projection of this quotient. We see that ϕn is a cyclic branched covering of
total degree equals to α, branched along two points pn,p′n ∈ S2, and of local degree at p˜
equal to αn, for p˜ ∈ ϕ−1n (pn) ∪ ϕ−1n (p′n). Then there is a branched covering ϕ′ :F ′ → S2
of total degree α, branched along 2r points p1,p′1, . . . , pr ,p′r ∈ S2, and local degree αn
at each point of the preimage of pn and p′n, n = 1, . . . , r , where F ′ is some surface (one
can use the Riemman–Hurwitz formula to find out who is F ′). This covering ϕ′ is obtained
by forming the fiber connected sum ϕ1#ϕ2# · · ·#ϕr along principal fibers (for example, to
obtain ϕ1#ϕ2, choose two 2-disks D1, and D2 in the basis of ϕ1, and ϕ2, respectively, and
form the equivariant connected sum, downstairs, along D1, and D2, and, upstairs, along
ϕ−11 (D1), and ϕ
−1
2 (D2)).
Now consider the covering η :αG˜→ G˜ of α sheets which is a homeomorphism when
restricted to any component of αG˜; and form the fiber connected sum ϕ′′ :ϕ′#η :F → G˜
along principal fibers, thus F = F ′#αG˜, and G˜→ G is the orientation double covering
of the orbit surface G. The branched covering ϕ′′ is cyclic and has a covering translation
g˜ :F → F of finite period α.
Remark.
F × I
g˜
∼= (Oo,2k− 1|(1, b˜), (α1, β1), (−α1, β1), . . . , (αr , βr ), (−αr,βr)),
and, after normalization
F × I
g˜
∼= (Oo,2k− 1|(1, b˜), (α1, β1), (α1, α1 − β1), . . . , (αr , βr), (αr ,αr − βr)),
where, by Theorem 3.1,
b˜=−
∑ βi
αi
−
∑ αi − βi
αi
=−r (cf. [8, §9]).
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Let u : G˜ → G˜ be the nontrivial covering translation of G˜ → G. We lift u to a
homeomorphism u˜ :F → F such that u˜ ◦ g˜ = g˜ ◦ u˜. This is possible, for (F × I)/g˜ is the
orientation double covering of M , whose nontrivial covering translation v, when projected
to its orbit surface G˜, is precisely the involution u [8, §9]. We let u˜ be the restriction of this
v to the surface F .
Finally we let g = g˜ ◦ u˜ :F → F which is the homeomorphism required in the
lemma. 2
Proof of Theorem 3.2 (continuation).
Case 2: λ = λ(M) is even, say λ = 2`. Define w = t − `ur ; using the corresponding
Tietze moves, we obtain
H1(M)
ϕ∼=Zk−1 ⊕ 〈ur : −〉⊕ 〈x2, . . . , xr,w: δixi = 0, 2w = λ2x2 + · · · + λrxr〉.
Then ϕ(h) = αur has infinite order in H1(M), and therefore M fibers over S1 with leaf
a surface F such that p| :F →G is a cyclic branched cover of degree α. Notice that the
cyclic direct summand of H1(M) which contains h is H = 〈ur 〉.
The surface F must be non-orientable by Lemma 3.2. In case k is even, F is non-
orientable with χ(F) even. For if χ(F) is odd, then there exists γ ⊂ F a simple loop
which is orientation reversing in F , and γ has order 2 in H1(F ). Since F is two-sided in
M , γ is also orientation reversing in M , and therefore, γ is not nullhomologous in M . If
i :F ↪→M is the inclusion, then 2[γ ] = 2i∗[γ ] = i∗2[γ ] = 0, that is, γ has finite order in
H1(M), and by Lemma 1.1 we see that βw1(M) 6= 0. This contradicts Theorem 2.1, for k
is even. 2
4. Stiefel–Whitney surfaces for Seifert manifolds
We let PD :H 1(M;Z2) → H2(M;Z2) denote the Poincaré duality isomorphism
associated to the 3-manifoldM .
Let M be a non-orientable 3-manifold and F ⊂M . We call F a Stiefel–Whitney surface
for M if and only if F is an orientable surface, and [F ] = PDw1(M) ∈H2(M;Z2).
Using the connectedness of F it is easy to see
Lemma 4.1. Let F ⊂M be an orientable surface. F is a Stiefel–Whitney surface for M if
and only if M − F is orientable.
There is a nice geometric characterization of the class of non-orientable manifolds with
Bockstein zero:
Lemma 4.2 [1]. Let M be a non-orientable 3-manifold. Then βw1(M)= 0 if and only if
there exists F ⊂M a two-sided Stiefel–Whitney surface for M .
The following theorem is a key fact for the understanding of the non-orientable Seifert
manifolds.
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Theorem 4.1. Let M be a non-orientable Seifert manifold with orbit projection p :M→
G. Then there exists a fibered torus T ⊂M such that T is a Stiefel–Whitney surface forM .
In the following cases T is two-sided in M:
(i) M ∈ (No, g).
(ii) M ∈ (NnI,2k).
(iii) M ∈ (NnIII, k).
And in the following cases T is one-sided in M:
(iv) M ∈ (NnI,2k + 1).
(v) M ∈ (NnII, k).
Remark. It will be seen in Propositions 4.2 and 4.3 that in the cases (i)–(iii) of
Theorem 4.1, necessarily T is two-sided in M , and in the cases (iv), and (v), necessarily
T is one-sided in M . Recall that T is a ‘vertical’ torus in M , that is, T is a union of fibers
of M .
Proof of Theorem 4.1. Let e :H1(G)→ Z2 be the valuation of the orbit surface G.
(i) Suppose M ∈ (No, g), and let {a1, b1, . . . , ag, bg} be a fundamental system of curves
of G such that ai ∩ aj = ai ∩ bj = bi ∩ bj = ∅ for i 6= j , and ai ∩ bi is a single point,
for i, j = 1, . . . , g. Then the valuation of G is the homomorphism such that e(a1)= −1,
and e(bj )= e(ai)=+1, for i = 2, . . . , g, j = 1, . . . , g. Therefore T = p−1(b1) is a two-
sided fibered torus in M , and M − T is orientable, for e :H1(G− b1)→ Z2 is the trivial
homomorphism.
(ii) Suppose M ∈ (NnI,2k); then G is the connected sum of an orientable surface of
genus k− 1, with a Klein bottle. Let {a, a2, . . . , ak, b, b2, . . . , bk} be a fundamental system
of curves for G, where b, ai , and bi are orientation preserving loops in G, and a is
orientation reversing in G, and such that a ∩ b and ai ∩ bi are sets with one single point,
and a∩ai = a∩bi = b∩ai = b∩bi = ai ∩bj = ∅ for i 6= j, i, j = 2, . . . , k. The valuation
ofG is the trivial homomorphism in this case; therefore T = p−1(b) is a two-sided fibered
torus; and M − T is orientable, for G− b is orientable and the valuation, when restricted
to G− b, is the trivial homomorphism.
(iii) Suppose M ∈ (NnIII, k), and let {v1, . . . , vk} a fundamental system of curves
for G, where vi is orientation reversing in G, i = 1, . . . , k. The valuation of G is the
homomorphism such that e(v1) = e(v2) = +1, and e(vi) = −1, for i = 3, . . . , k. Let
w ∈ G be a simple closed curve homotopic to v1 + v2; then w is two-sided in G, and
e(w) = e(v1)e(v2) = +1; therefore T = p−1(w) is a two-sided fibered torus in M , and
M − T is orientable, for G−w is a non-orientable surface, and the valuation of G−w is
−1 in the curves of a canonical basis of orientation reversing curves, namely, on v3, . . . , vk ;
and is +1 on the boundary components.
(iv) Suppose M ∈ (NnI,2k + 1); then G is the connected sum of an orientable surface
of genus k, plus a crosscap. If w is the one-sided simple closed curve of the crosscap in G,
then T = p−1(w) is a one-sided fibered torus in M , andM − T is orientable, for G−w is
orientable, and the valuation of G−w is the trivial homomorphism.
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(v) Suppose M ∈ (NnII, k), and let {v1, . . . , vk} be a fundamental system of orientation
reversing curves for G. The valuation of G is the homomorphism such that e(v1) = +1,
and e(vi) = −1 for i = 2, . . . , k. Therefore T = p−1(v1) is a one-sided torus in M , and
M − T is orientable, for G− v1 is non-orientable and its valuation is as in case (iii). 2
Proposition 4.2. In cases (iv) and (v) of Theorem 4.1, if T ⊂M is a two-sided fibered
torus, then M − T is non-orientable.
Proof. In case (v) it is impossible that there exists a two-sided surface whose complement
in M is orientable, for βw1(M) 6= 0.
In case (iv), if T ⊂M is a two-sided fibered torus, then p(T )⊂G is a two-sided curve
in the orbit surface G; therefore G − p(T ) is non-orientable, for χ(G) is odd; since
the valuation of G − p(T ) is the trivial homomorphism, it follows that M − T is non-
orientable. 2
Proposition 4.3. In cases (i)–(iii) of Theorem 4.1, if T ⊂M is a one-sided fibered torus,
then M − T is non-orientable.
Proof. Let p :M→G be the orbit projection of M . Then p(T ) is a one-sided curve in G.
In case (i) there are no one-sided curves on G, so there are no one-sided fibered tori
in M .
In case (ii), since χ(G) is even, G − p(T ) is non-orientable, and its valuation is the
trivial homomorphism. Thus M − T is non-orientable.
In case (iii), since p(T ) is a one-sided curve of value +1 in G, there must exist in G at
least another one-sided curve of value+1 in G; on the contraryM would be of class NnII.
Therefore the valuation of G − p(T ) has a one-sided curve of value +1. It follows that
M − T is non-orientable. 2
Remark. Let M be a non-orientable Seifert manifold and let T ⊂M be a vertical Stiefel–
Whitney torus. Then M̂ =M −N (T ) is an orientable Seifert manifold whose boundary
is either one torus or two tori, depending on if T is one-sided or two-sided, respectively.
If T is one-sided we obtain M∗ = M̂ ∪ V an orientable closed Seifert manifold, where V
is an ordinary fibered solid torus of type (1,0), and the glueing is by a fiber preserving
homeomorphism of the boundaries. If T is two sided we close M̂ with two copies of V to
obtain M∗. The manifold M∗ will be called the associated orientable Seifert manifold in
the following sections.
Notice that
(i) if M = (No, g|(1, b), (α1, β1), . . . , (αr , βr)), then
M∗ = (Oo, g − 1|(1, b), (α1, β1), . . . , (αr , βr ));
(ii) if M = (NnI,2k+ 1|(1, b), (α1, β1), . . . , (αr , βr)), then
M∗ = (Oo, k|(1, b), (α1, β1), . . . , (αr , βr ));
258 V. Núñez / Topology and its Applications 98 (1999) 241–267
(iii) if M = (NnI,2k|(1, b), (α1, β1), . . . , (αr , βr )), then
M∗ = (Oo, k − 1|(1, b), (α1, β1), . . . , (αr , βr));
(iv) if M = (NnII, k|(1, b), (α1, β1), . . . , (αr , βr )), then
M∗ = (On, k − 1|(1, b), (α1, β1), . . . , (αr , βr));
(v) if M = (NnIII, k|(1, b), (α1, β1), . . . , (αr , βr )), then
M∗ = (On, k − 2|(1, b), (α1, β1), . . . , (αr , βr)).
Following [4], we define the Stiefel–Whitney genus of M , SWg(M), as the minimal
genus of any two-sided Stiefel–Whitney surface for M , in case βw1(M) = 0, and as
the minimal genus of any Stiefel–Whitney surface for M in case βw1(M) 6= 0 (if M is
orientable, SWg(M) is defined to be 0).
Theorem 4.2. Let M be a non-orientable Seifert manifold. Then
(i) If M ∼= S2 ⊗ S1 (that is, if M is non-irreducible), then SWg(M)= 0.
(ii) If either M ∈ (No, g), M ∈ (NnI,2k), M ∈ (NnII, k), or M ∈ (NnIII, k), then
SWg(M)= 1.
(iii) If M ∈ (NnI,2k + 1) then:
(a) If λ(M) is even, then SWg(M)= 1.
(b) If λ(M) is odd, andM = (NnI,2k+1|(1, b), (α1, β1), . . . , (αr , βr )) 6∼= S2⊗S1 ,
then
SWg(M)= 1+ α
(
2k + r − 1−
r∑
i=1
1
αi
)
,
where α = lcm{α1, . . . , αr }.
Proof. We use, in each case, the constructions of [4, Theorems 2.3 and 2.4]. Case (i) is
clear, for M is an S2-bundle over S1.
Cases (ii) and (iiia) follow from Theorem 4.1, and Propositions 4.2 and 4.3, and [4], for
in this cases M is irreducible, therefore a Stiefel–Whitney surface has genus > 1.
To see that (iiib) holds, let F ⊂ M be a two-sided Stiefel–Whitney surface for M .
Doing surgery on F , and discarding the resulting bounding 2-sphere components, we
obtain an incompressible, two-sided, orientable 2-manifold F ′ = F1 t · · · t Ft , t > 1,
such that [F ] = [F ′] ∈ H2(M;Z). Since M is irreducible, Fi 6∼= S2, for i = 1, . . . , t . By
Proposition 4.2, some component (and thus, each component) Fi of F is not a fibered
torus; therefore Fi is transversal to all the fibers of M , and M fibers over S1 with leaf Fi
(see [5]). It follows that
χ(F)6 χ(Fi)6 2α
(
χ(G)−
r∑
j=1
αj − 1
αj
)
by Theorem 3.2; and in fact
χ(F˜ )= 2α
(
χ(G)−
r∑
j=1
αi − 1
αi
)
,
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where F˜ is of minimal genus, and G is the orbit surface of M . Since χ(F˜ )= 2− 2g(F˜ ),
and χ(G)= 1− 2k, it follows [4] that
SWg(M)= g(F˜ )= 1+ α
(
2k+ r − 1−
∑ 1
αi
)
. 2
5. Heegaard splittings of non-orientable Seifert manifolds
We let h(M) denote the Heegaard genus of the 3-manifoldM . We shall use some special
Heegaard splittings for the orientable Seifert manifolds, which we construct in the proof of
the following lemma. Notice that this is a particular case of the results of [2].
Lemma 5.1. Let M be an orientable Seifert manifold.
(i) If M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr )), then:
(a) If r > 2, then h(M)6 2g+ r − 1.
(b) Suppose r = 1. If bα1 + β1 6= 1, then h(M)6 2g + 1. If bα1 + β1 =±1, then
h(M)6 2g.
(c) Suppose r = 0. If b= 1, then h(M)6 2g+ 1. If b = 0, then h(M)6 2g.
(ii) If M = (On, k|(1, b), (α1, β1), . . . , (αr , βr )), then:
(a) If r > 2, then h(M)6 k + r − 1.
(b) Suppose r = 1. If bα1 + β1 6= 1, then h(M) 6 k + 1. If bα1 + β1 = ±1, then
h(M)6 k.
(c) Suppose r = 0. If b= 0, then h(M)6 k + 1. If b = 1, then h(M)6 k.
Proof. Let p :M → G be the orbit projection. Let h1, . . . , hr ⊂ M be the exceptional
fibers of M , and let h0 ⊂M be a fixed ordinary fiber. Let Vi ⊂M be a fibered regular
neighbourhood of hi in M , and define xi = p(hi), and Di = p(Vi), i = 0,1, . . . , r . Let
D ⊂G be a 2-disk such that D0 ∪ · · · ∪Dr ⊂ IntD.
(i) Let M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr )). Suppose that r > 2. If
M̂ =M −
r⋃
i=1
Vi,
then M̂ ∼= Ĝ× S1, where Ĝ=G−⋃ri=1Di ; we have that M̂ is the union of two products
Ĝ× [0,1] and Ĝ× [−1,0]. Define H ′1 = Ĝ× [0,1], and H ′−1 = G−D × [−1,0]; then
H ′1, and H ′−1 are handlebodies of genera 2g + r − 1, and 2g, respectively.
Let us fix a point y ∈ ∂D. We join the r − 1 first exceptional points in D as follows:
First we join y with x1 by an arc γ 1 such that γ 1 intersects D1 in a radius, and γ 1 misses
Di for i 6= 1. Now we join xi−1 with xi by an arc γ i ⊂ IntD which intersects Di−1 and
Di in a radius, and γ i misses Dj for j 6= i . Let γi = γ i ∩ Ĝ (i = 1, . . . , r − 1). Let Bi
be a small regular neighbourhood of γi × [−1,0] in D −⋃rj=1Dj × [−1,0]; so Bi is
a 3-ball which intersects Vj in a 2-disk exactly when j = i − 1, i (i = 2, . . . , r − 1);
and B1 is a 3-ball which intersects both V1 and H ′−1, each in a 2-disk. Then H−1 =
H ′−1 ∪B1 ∪ V1 ∪ · · · ∪Br−1 ∪ Vr−1 is a handlebody of genus 2g + r − 1.
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Define
W =
(
D−
r⋃
i=1
Di
)
× [−1,0] −
r−1⋃
i=1
Bi.
ThenW is a solid torus, andW ∩Vr is an annulus with core a curve c⊂W which generates
pi1(W). By the van Kampen Theorem, pi1(W ∪ Vr) ∼= Z, so W ∪ Vr is a solid torus.
Let a1, . . . , a2g be a fundamental system of curves of G, based on x1 ∈ D1, and such
that ai intersects D1 in a radius, and ai misses Dj for j 6= 1; we let ai = ai ∩ Ĝ, and
wi = ai × [0,1], i = 1, . . . ,2g. And let w2g+j−1 = γj × [0,1], j = 2, . . . , r − 1; then
w1, . . . ,w2g+r−2 is almost a system of disks for the handlebodyH1, that is,
W ′ =H1 −
2g+r−2⋃
i=1
wi
is a solid torus; but wi does not intersect W ∪ Vr, i = 1, . . . ,2g + r − 2.
NowW ′ ∩ (W ∪Vr) is an annulus with core a curve c which spans pi1(W ′); again by the
van Kampen Theorem pi1(W ′ ∪W ∪ Vr)∼= Z, and thereforeW ′ ∪W ∪ Vr is a solid torus.
We conclude that H1 =H ′1 ∪W ∪ Vr is a handlebody of genus g(H1)= 2g+ r − 1. Then
H1,H−1 is a Heegaard splitting for M of genus 2g+ r − 1, and, so, h(M)6 2g+ r − 1.
Suppose that r = 1. Then M̂ =M − V0 ∪ V1 ∼= Ĝ× S1, where Ĝ=G−D0 ∪D1. By a
similar construction as above, we can obtain a Heegaard splitting of M of genus 2g+ 1.
Now let M̂ = M − V1 ∼= Ĝ × S1, where Ĝ = G−D1. Therefore M̂ = H ′1 ∪ H ′−1 =
Ĝ×[0,1]∪Ĝ×[−1,0], andH ′1 ∼=H ′−1 are handlebodies of genus 2g. LetW =H ′−1∪V1.
By construction ofM , the intersectionH ′−1∩V1 is an annulus with core a curve c⊂H ′−1; if
h is a fiber in ∂V1, and q1 ⊂ ∂V1 is a cross curve, then the meridian of V1 is homotopic to
q
α1
1 h
bα1+β1 in pi1(V1). To recover M , we must glue M̂ with V1 by a (fiber preserving)
homeomorphism of the boundaries, which sends the curve c to the cross curve q1. If
pi1(V1) = 〈`: −〉, then q1 = `−(bα1+β1) in pi1(V1), for qα11 = h−(bα1+β1), and h = `α1 in
pi1(V1). By the van Kampen Theorem
pi1(W)= pi1(H ′−1) ∗
c=`−(bα1+β1)
〈`: −〉.
Therefore pi1(W) is a free group in 2g generators in case bα1 + β1 = ±1, and, so, if
bα1 + β1 = ±1, then W is a handlebody of genus 2g (were bα1 + β1 6= ±1, the first
homology group of W would have nontrivial torsion part; therefore W would be not a
handlebody).
Summarizing: h(M)6 2g+ 1; and if bα1 + β1 =±1, then h(M)6 2g.
Suppose that r = 0. If b= 0, then M =G× S1, and therefore h(M)= 2g+ 1.
If b = 1, then H1 = Ĝ× [0,1], and H−1 = Ĝ× [−1,0] ∪ V0 are handlebodies of genus
2g (as in case r = 1 and bα1 + β1 =±1 above), where Ĝ=G−D0.
(ii) Let M = (On, k|(1, b), (α1, β1), . . . , (αr , βr)). Then M̂ =M −⋃Vi is the union of
two (homeomorphic) twisted I -bundles H ′1, and H ′−1 over Ĝ=G−
⋃
Di ; therefore H ′1,
and H ′−1 are handlebodies, and we can extend the constructions of case (i). 2
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We refer to any of the Heegard splittings constructed in the proof of Lemma 5.1 as a
Heegaard decomposition of M based on the orbit surface G.
Remark. In [2] it is proved that, in fact:
(i) If M = (Oo, g|(1, b), (α1, β1), . . . , (αr , βr)), and g > 0, then:
(a) If r > 2, then h(M)= 2g+ r − 1.
(b) Suppose r = 1. If bα1+β1 6= ±1, then h(M)= 2g+ 1. If bα1+β1 =±1, then
h(M)= 2g.
(c) Suppose r = 0. If b = 0, then h(M)= 2g + 1. If b = 1, then h(M)= 2g.
(ii) If M = (On, k|(1, b), (α1, β1), . . . , (αr , βr )), then:
(a) If r > 2, then h(M)= k + r − 1.
(b) Suppose r = 1. If bα1+β1 6= ±1 is even, then h(M)= k+1. If bα1+β1 =±1,
then h(M)= k.
(c) Suppose r = 0. If b = 0, then h(M)= k + 1. If b= 1, then h(M)= k.
It is claimed in [2], but not proved, that if M = (On, k|(1, b), (α1, β1)), and bα1 + β1 6=
±1 is odd, then h(M)= k + 1. Of course, in this case, one has k 6 h(M)6 k + 1.
Theorem 5.1. Let M be a non-orientable Seifert manifold.
(i) If M = (No, g|(1, b), (α1, β1), . . . , (αr , βr)), then:
(a) If r > 2, then h(M)= 2g+ r − 1.
(b) Suppose r = 1. If bα1 + β1 is even, then h(M)= 2g+ 1. If bα1 + β1 = 1, then
h(M)= 2g.
(c) Suppose r = 0. If b= 0 then h(M)= 2g + 1. If b= 1 then h(M)= 2g.
Also, if r = 1 and bα1 + β1 6= 1 is odd, then 2g 6 h(M)6 2g+ 1.
(ii) If M = (Xx, k|(1, b), (α1, β1), . . . , (αr , βr)), where Xx ∈ {NnI,NnII,NnIII}, then:
(a) If r > 2, then h(M)= k + r − 1.
(b) Suppose r = 1. If bα1 + β1 is even, then h(M) = k + 1. If bα1 + β1 = 1, then
h(M)= k.
(c) Suppose r = 0. If b= 0, then h(M)= k + 1. If b = 1, then h(M)= k.
Also, if r = 1 and bα1 + β1 6= 1 is odd, then k 6 h(M)6 k + 1.
Remark. If M = (Xx,m|(1, b), (α1, β1), . . . , (αr , βr)) is a non-orientable Seifert mani-
fold, then b ∈ {0,1}.
Proof. The proof is very similar in each case. We construct a Heegaard splitting for M
starting from a Heegaard splitting of a certain associated orientable Seifert manifold,
obtaining an upper bound for h(M); and then we compute the rank of certain groups
to obtain a lower bound for h(M). But, by the peculiarities of the classes of the Seifert
manifolds, we shall consider each class, one by one.
Let M = (No, g|(1, b), (α1, β1), . . . , (αr , βr )), g > 1; then the associated Seifert
manifold M∗ = (Oo, g − 1|(1, b), (α1, β1), . . . , (αr , βr )) has a Heegaard decomposition
H ∗1 ,H ∗−1 based on the orbit surface G∗ of M∗, as in Lemma 5.1. To obtain M from
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M∗, choose w1,w2 ⊂ G∗ two 2-disks, disjoint from the disk D∗ ⊂ G∗ which contains
the projection of all the exceptional fibers of M∗ in its interior. By construction w1,w2 ⊂
intH ∗1 , and wi × [0,1] ∩ ∂H ∗1 =wi × {0} ∪wi × {1} (i = 1,2). In
H ∗1 −
(
w1 × [0,1] ∪w2 × [0,1]
)
we identify ∂w1× [0,1] with ∂w2× [0,1] by a reflection along ∂w2× { 12 }, and we obtain
a new (non-orientable) handlebody H1 of genus g(H1) = g(H ∗1 ) + 2; similarly, starting
withH ∗−1, we construct a handlebodyH−1 of genus g(H−1)= g(H ∗−1)+2. Notice that we
are, in fact, reversing the process of splitting M along a two-sided fibered Stiefel–Whitney
torus, and closing the resulting boundaries with two ordinary fibered solid tori. This will be
the strategy of the proof in all the cases. So we obtain a Heegaard splitting H1,H−1 forM .
Suppose r > 2. Then g(Hi) = g(H ∗i ) + 2 = 2(g − 1) + r − 1 + 2 = 2g + r − 1, for
i =−1,1. The group pi = pi1(M)/〈h〉 has the non-Abelian presentation
pi =
〈
a1, b1, . . . , ag, bg, q1, . . . , qr : q
αi
i = 1 (i = 1, . . . , r), q1 · · ·qr
∏
[aj , bj ] = 1
〉
,
where h is the class of an ordinary fiber of M . By [7, Satz 3], the rank r(pi)= 2g+ r − 1,
for g > 0. Since h(M)> r(pi1(M))> r(pi), we see that h(M)= 2g+ r − 1.
Suppose r = 0. If b = 0, then H1(M)∼=Z2g ⊕Z2. Since g(Hi)= g(H ∗i )+ 2= 2g + 1
when b = 0, we conclude that h(M) = 2g + 1. If b = 1, then H1(M) ∼= Z2g. Since
g(Hi)= g(H ∗i )+ 2= 2g when b= 1, we conclude that h(M)= 2g.
Suppose r = 1. Then g(Hi) = g(H ∗i )+ 2 = 2g + 1 if bα1 + β1 6= 1. Since H1(M) ∼=
Z2g⊕Z2 if bα1+β1 is even, we see that h(M)= 2g+ 1 in case bα1+β1 is even. In case
bα1 + β1 = 1, we have g(Hi)= g(H ∗i )+ 2= 2g. Also H1(M)∼= Z2g if bα1 + β1 is odd.
Therefore if bα1 + β1 = 1, h(M)= 2g; and if bα1 + β1 6= 1 is odd, then we can only say
that 2g 6 h(M)6 2g+ 1.
Let M = (NnIII, k|(1, b), (α1, β1), . . . , (αr , βr )), k > 3; then the associated Seifert
manifold M∗ = (On, k − 2|(1, b), (α1, β1), . . . , (αr , βr)) has a Heegaard decomposition
H ∗1 ,H ∗−1 based on the orbit surface G∗ of M∗, as in Lemma 5.1. To obtain M from
M∗, in H ∗1 − (w1 × [0,1] ∪w2× [0,1]) we identify ∂w1 × [0,1] with ∂w2 × [0,1] by
a reflection along two ‘vertical’ intervals {y} × I and {z} × I , y, z ∈ ∂w2 distinct, that
is, we are adjoining a non-orientable handle to G∗ which has a product neighbourhood
in the resulting quotient. Thus we obtain a new (non-orientable) handlebody H1 of genus
g(H1)= g(H ∗1 )+2; similarly, starting withH ∗−1, we construct a handlebodyH−1 of genus
g(H−1)= g(H ∗−1)+ 2. And we obtain a Heegaard splitting H1,H−1 for M .
Suppose r > 2. Then g(Hi)= g(H ∗i )+ 2= (k− 2)+ r− 1+ 2= k+ r − 1, i =−1,1.
The group pi = pi1(M)/〈h〉 has the presentation
pi = 〈v1, . . . , vk, q1, . . . , qr : qαii = 1 (i = 1, . . . , r), q1 · · ·qrv21 · · ·v2k = 1〉,
where h is the class of an ordinary fiber of M . By [7, Satz 3, Korollar], the rank
r(pi)= k + r − 1. Therefore h(M)= k + r − 1.
Suppose r = 0. Then H1(M)∼= Zk−1 ⊕Z2 ⊕Z2 if b = 0. Since g(Hi)= g(H ∗i )+ 2=
k + 1 if b = 0, we conclude that h(M) = k + 1. If b = 1, H1(M) ∼= Zk−1 ⊕ Z4. Since
g(Hi)= g(H ∗i )+ 2= k in this case, we conclude that h(M)= k, if b= 1.
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Suppose r = 1. Then g(Hi) = g(H ∗i ) + 2 = k + 1 if bα1 + β1 6= 1. Since H1(M) ∼=
Zk−1⊕Z2α1 ⊕Z2 if bα1+ β1 is even, we see that h(M)= k+ 1 in case bα1+ β1 is even.
If bα1+β1 = 1, then g(Hi)= g(H ∗i )+2= k. SinceH1(M)∼=Zk−1⊕Z4α1 if bα1+β1
is odd, we see that h(M) = k in case bα1 + β1 = 1, and k 6 h(M) 6 k + 1 in case
bα1 + β1 6= 1 is odd.
Let M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr)), with k > 1 even; then the associated
Seifert manifold M∗ = (Oo, (k − 2)/2|(1, b), (α1, β1), . . . , (αr , βr )) has a Heegaard
decompositionH ∗1 ,H ∗−1 based on the orbit surface G∗ of M∗, as in Lemma 5.1. To obtain
M fromM∗, again in H ∗1 − (w1 × [0,1] ∪w2 × [0,1]) we identify the annuli ∂w1×[0,1]
with ∂w2 × [0,1] by a reflection along two ‘vertical’ intervals {y} × I and {z} × I ,
for y, z ∈ ∂w2 distinct, as in the preceding case; and we obtain a new (non-orientable)
handlebody H1 of genus g(H1) = g(H ∗1 )+ 2; similarly, starting with H ∗−1, we construct
a handlebody H−1 of genus g(H−1) = g(H ∗−1) + 2. So we obtain a Heegaard splitting
H1,H−1 for M .
Suppose r > 2. Then g(Hi)= g(H ∗i )+ 2 = 2(k − 2)/2+ r − 1+ 2 = k + r − 1, i =
−1,1. The group pi = pi1(M)/〈h〉 has the presentation
pi = 〈v1, . . . , vk, q1, . . . , qr : qαii = 1 (i = 1, . . . , r), q1 · · ·qrv21 · · ·v2k = 1〉,
where h is the class of an ordinary fiber of M . So the rank r(pi) = k + r − 1. Therefore
h(M)= k + r − 1.
Suppose r = 0. Then H1(M)∼= Zk ⊕Z2 if b = 0. Since g(Hi)= g(H ∗i )+ 2= k + 1 if
b= 0, h(M)= k+ 1. If b = 1, then H1(M)∼=Zk . Since g(Hi)= g(H ∗i )+ 2= k if b= 1,
we conclude that h(M)= k.
Suppose r = 1. Then g(Hi) = g(H ∗i ) + 2 = k + 1 if bα1 + β1 6= 1. Since H1(M) ∼=
Zk ⊕ Z2 if bα1 + β1 is even, we see that h(M) = k + 1 in case bα1 + β1 is even. If
bα1+β1 = 1, then g(Hi)= g(H ∗i )+ 2= k. SinceH1(M)∼=Zk if bα1+β1 is odd, we see
that h(M)= k in case bα1 + β1 = 1, and k 6 h(M)6 k + 1 in case bα1 + β1 6= 1 is odd.
Let M = (NnI, k|(1, b), (α1, β1), . . . , (αr , βr )), with k > 1 odd; then the associated
Seifert manifold M∗ = (Oo, (k − 1)/2|(1, b), (α1, β1), . . . , (αr , βr )) has a Heegaard
decompositionH ∗1 ,H ∗−1 based on the orbit surface G∗ of M∗, as in Lemma 5.1. To obtain
M from M∗, we choose a disk w ⊂ G∗ disjoint from the disk D∗ ⊂ G∗ which contains
the projection of all the exceptional fibers of M in its interior. In H ∗1 −w× [0,1] we
identify (z, t) ∼ (−z, t) for (z, t) ∈ ∂w × [0,1], where we are regarding ∂w ∼= S1 as a
subset of the complex plane; thus we are adjoining to G∗ a crosscap which has a product
neighbourhood in the quotient. And we obtain a new (non-orientable) handlebody H1 of
genus g(H1)= g(H ∗1 )+1; similarly, starting withH ∗−1, we construct a handlebodyH−1 of
genus g(H−1)= g(H ∗−1)+1. And we obtain a Heegaard splittingH1,H−1 forM . Here we
are reversing the process of splitting M along a one-sided fibered Stiefel–Whitney torus,
and closing the resulting boundary with one ordinary fibered solid torus.
Suppose r > 2. Then g(Hi)= g(H ∗i )+ 1 = 2(k − 1)/2+ r − 1+ 1 = k + r − 1, i =
−1,1. The group pi = pi1(M)/〈h〉 has the presentation
pi = 〈v1, . . . , vk, q1, . . . , qr : qαii = 1 (i = 1, . . . , r), q1 · · ·qrv21 · · ·v2k = 1〉,
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where h is the class of an ordinary fiber of M . So the rank r(pi) = k + r − 1. Therefore
h(M)= k + r − 1.
Suppose r = 0. Then H1(M) ∼= Zk ⊕ Z2 if b = 0. Since g(Hi) = g(H ∗i )+ 1 = k + 1
if b = 0, we conclude that h(M) = k + 1. If b = 1, then H1(M) ∼= Zk . Since g(Hi) =
g(H ∗i )+ 1= k, we conclude that h(M)= k.
Suppose r = 1. Then g(Hi) = g(H ∗i ) + 1 = k + 1 if bα1 + β1 6= 1. Since H1(M) ∼=
Zk ⊕ Z2 if bα1 + β1 is even, we see that h(M) = k + 1 in case bα1 + β1 is even. If
bα1 + β1 = 1, then g(Hi) = g(H ∗i )+ 1 = k Since H1(M) ∼= Zk if bα1 + β1 is odd, we
have h(M)= k in case bα1 + β1 = 1; and k 6 h(M)6 k + 1 in case bα1 + β1 6= 1 is odd.
Let M = (NnII, k|(1, b), (α1, β1), . . . , (αr , βr )), k > 2; then the associated Seifert
manifold M∗ = (On, k − 1|(1, b), (α1, β1), . . . , (αr , βr)) has a Heegaard decomposition
H ∗1 ,H ∗−1 based on the orbit surface G∗ of M∗, as in Lemma 5.1. To obtain M from M∗,
again inH ∗1 −w× [0,1]we identify (z, t)∼ (−z, t) for (z, t) ∈ ∂w×[0,1], and we obtain
a new (non-orientable) handlebody H1 of genus g(H1) = g(H ∗1 ) + 1; similarly, starting
withH ∗−1, we construct a handlebodyH−1 of genus g(H−1)= g(H ∗−1)+1. And we obtain
a Heegaard splitting H1,H−1 for M .
Suppose r > 2. Then g(Hi)= g(H ∗i )+ 1= (k− 1)+ r − 1+ 1= k+ r − 1, i =−1,1.
The group pi = pi1(M)/〈h〉 has the presentation
pi = 〈v1, . . . , vk, q1, . . . , qr : qαii = 1 (i = 1, . . . , r), q1 · · ·qrv21 · · ·v2k = 1〉,
where h is the class of an ordinary fiber of M . So the rank r(pi) = k + r − 1. Therefore
h(M)= k + r − 1.
Suppose r = 0. Then H1(M)∼= Zk−1 ⊕Z2 ⊕Z2 if b = 0. Since g(Hi)= g(H ∗i )+ 1=
k+ 1 if b= 0, we conclude that h(M)= k+ 1. If b = 1, then H1(M)∼=Zk−1⊕Z4. Since
g(Hi)= g(H ∗i )+ 1= k, h(M)= k.
Suppose r = 1. Then g(Hi) = g(H ∗i ) + 1 = k + 1 if bα1 + β1 6= 1. Since H1(M) ∼=
Zk−1 ⊕ Z2α1 ⊕ Z2 if bα1 + β1 is even, we see that h(M) = k + 1 in case bα1 + β1 is
even. If bα1 + β1 = 1, then g(Hi) = g(H ∗i ) + 1 = k. Since H1(M) ∼= Zk−1 ⊕ Z4α1 if
bα1 + β1 is odd, we see that h(M) = k in case bα1 + β1 = 1, and k 6 h(M) 6 k + 1 in
case bα1 + β1 6= 1 is odd. 2
Remark. The Heegaard splittings shown in the proof of Theorem 5.1 can be constructed
directly, making no reference to the proof of Lemma 5.1. But we want to emphasize
the connection between the non-orientable Heegaard splitting of our manifold, with the
orientable Heegaard splitting of the associated orientable Seifert manifold because this
passage will be useful in Theorem 6.1, below.
6. Tri-genera of Seifert manifolds
Following [4] we say that a non-orientable manifoldM has splitting type (g1, g2, g3), if
M admits a decomposition M = V1 ∪ V2 ∪ V3 with Vi an orientable handlebody of genus
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gi ; i = 1,2,3, and g1 6 g2 6 g3. We say that M has tri-genus (g1, g2, g3), if the triple
(g1, g2, g3) is minimal among all splitting types of M ordered lexicographically.
Theorem 6.1. Let M be a non-orientable Seifert manifold with r exceptional fibers.
(i) If M ∼= S2 ⊗ S1, then M has tri-genus (0,0,0).
(ii) If M = (NnI,2k + 1|(1, b), (α1, β1), . . . , (αr , βr)) 6∼= S2 ⊗ S1, and λ(M) is odd,
thenM has tri-genus (0,2n,2n), where n= 1+α(2k+ r − 1−∑ri=1(1/αi)), and
α = lcm{α1, . . . , αr }.
(iii) Suppose r 6= 1. If βw1(M)= 0, andM does not belong to cases (i) or (ii), that is, if
M ∈ (No, g),M ∈ (NnI,2k), orM ∈ (NnIII, k), thenM is of type (0,2, h(M)+1).
(iv) Suppose r 6= 1. If βw1(M) 6= 0, that is, if M ∈ (NnII, k), or M ∈ (NnI,2k + 1) but
λ(M) is even, then M is of type (1,1, h(M)).
Remark.
(a) In case (ii) of Theorem 6.1, M is also of type (1,1, h(M)).
(b) In case (ii), notice also that
g3 = 2n= 2+ 2α
(
h(M)−
(
1+
∑ 1
αi
))
.
(c) If M has just one exceptional fiber, then in case (iii) M is of type (0,2, n) with
h(M)6 n− 16 h(M)+ 1; and in case (iv) M is of type (1,1, n) with h(M)6 n6
h(M)+ 1.
Proof of Theorem 6.1. Case (i) is easy, see [4, Example 1.3].
Case (ii) follows from Theorem 3.4, and [4, Theorem 2.4, Corollary (a)].
We concentrate in cases (iii) and (iv): Let M be a non-orientable Seifert manifold with r
exceptional fibers and orbit projection p :M → G; let Ĝ = G−D, where D ⊂ G is a
2-disk which contains the projection of all the exceptional fibers of M; let T ⊂M be a
fibered Stiefel–Whitney torus such that p(T ) ∩D = ∅, and let N (T ) be a fibered regular
neighbourhood of T inM . ThenN (T ) is an I -bundle over T with projection piT :N (T )→
T . Let H1,H−1 be a Heegaard decomposition of M based on G as constructed in the
proof of Theorem 5.1. Then W ′3 = H1 −N (T ) is an orientable handlebody of genus
g(W ′3)= g(H1).
In the following we shall decompose the exterior of W ′3 into either two solid tori, or into
two balls and a handlebody of genus two.
We know that H−1 is an I -bundle Ŵ over Ĝ with projection piG : Ŵ → Ĝ, plus 1-
handles. More precisely: in case r > 2, we have H−1 = Ŵ ∪B1 ∪V1 ∪ · · · ∪Br−1 ∪ Vr−1,
with Vi a regular neighbourhood of the ith exceptional fiber, and Bi is a 3-ball, i =
1, . . . , r − 1. In case r = 1, we have either H−1 = Ŵ , or H−1 = Ŵ ∪ B1 ∪ V1. And in
case r = 0, either H−1 = Ŵ , or H−1 = Ŵ ∪ B0 ∪ V0, where V0 is a neighbourhood of
an ordinary fiber, and B0 is a ball. The intersection ∂N (T ) ∩ Ĝ consists of one simple
closed curve t0, or two simple closed curves t0, t1, if T is one-sided, or two-sided in M ,
respectively.
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We construct now a ‘special’ system of disks for the handlebody H−1 −N (T ). We
attach a 2-handle ∆i to H−1 −N (T ) along the curve ti , for i = 0 if T is one-sided, and
for i = 0,1 if T is two-sided. Then H−1 −N (T ) ∪ ∆i is a handlebody of genus either
g(H−1 −N (T )) − 1, or g(H−1 −N (T )) − 2, depending on if T is one- or two-sided,
respectively. Choose w1, . . . ,ws ⊂ H−1 −N (T ) a system of disks for the handlebody
H−1 −N (T ) ∪∆i . We are supposing that the wj ’s do not intersect the 2-handles ∆i . In
addition we consider a disk ws+1 = pi−1G (b0), where b0 is a properly embedded arc in
Ĝ which connects a point y0 ∈ t0 with a point in ∂D, and misses the disks w1, . . . ,ws .
In case T is two-sided we also consider a disk ws+2 = pi−1G (b1), where b1 is a properly
embedded arc in Ĝ which connects a point in t0 with a point in t1, and misses also the
disks w1, . . . ,ws,ws+1. We have therefore obtained a system of disks w1, . . . ,ws+ε for
the handlebodyH−1 −N (T ), where ε = 1,2, and s + ε = g(H−1 −N (T )).
Suppose r > 2. We choose arcs γm ⊂ ∂(H−1 −N (T )) such that Γ = ⋃m γm ∪⋃
i wi is connected and simply connected. This is possible, for ∂H1 − (
⋃
wk) =
(2-sphere with holes) is connected.
LetW ′′1 =N (Γ ∪{Ai}∪ {Bj }∪ {wk}) be a regular neighbourhood in H1 −N (T ). Then
W ′′1 is a 3-ball, and H1 −N (T )−W ′′1 is also a 3-ball. If T is two-sided in M , choose a
2-disk C ⊂ T such that W ′1 = pi−1T (C) contains the point y0, and if T is one sided, choose
a ⊂ T a regular neighbourhood of a fiber h⊂ T , such thatW ′1 = pi−1T (a) contains y0; since
W ′1 ∩W ′′1 is a 2-disk (with ‘center’ y0), then W1 =W ′1 ∪W ′′1 is homeomorphic to W ′1, that
is, W1 is a ball, or a solid torus, if T is two-sided, or one-sided, respectively.
Now W ′2 =N (T )−W ′1 intersects W ′′2 =H1 −N (T )−W ′′1 in t0 × I −W ′′1 , which is a
2-disk, in case T is one-sided; and in (t0 × I ∪ t1 × I) −W ′′1 , which are two 2-disks, in
case T is two-sided.
So if T is one-sided, W2 = W ′2 ∪ W ′′2 is homeomorphic to W ′2, a solid torus. And
W3 =W ′3 is an orientable handlebody of genus g(W3)= g(H−1)= h(M).
In case T is two-sided, letA=N (t1 × I −W ′′0 ) be a regular neighbourhood inW ′′2 , and
let W ′′′2 =W ′′2 −A. Then W ′2 ∩W ′′′2 is a 2-disk, and so W2 =W ′2 ∪W ′′′2 is homeomorphic
to W ′2, a cube with two handles. Let W3 =W ′3 ∪A; since A is a 3-ball, and intersects W ′3
in two 2-disks, and A is outside T , which is a Stiefel–Whitney surface for M , then W3 is
an orientable handlebody of genus g(W3)= g(H−1)+ 1= h(M)+ 1.
Summarizing, if T is one-sided, then M is of type (1,1, h(M)), and if T is two-sided,
then M is of type (0,2, h(M)+ 1).
Suppose r 6 1. Then we perform the corresponding similar constructions, and we obtain
that if T is one-sided, M is of type (1,1, h′); and if T is two sided, then M is of type
(0,2, h′′), where h′ = h(M) or = h(M)+ 1, and h′′ = h(M)+ 1 or = h(M)+ 2 in case
r = 1 and bα1 + β1 > 1 odd. And h′ = h(M), and h′′ = h(M)+ 1 otherwise (that is, if
(r = 0), or (r = 1 but bα1 + β1 = 1), or (r = 1 but bα1 + β1 is even)). 2
Questions. Let M be a non-orientable manifold such that none of its prime summands is
a bundle over S1 with orientable fiber. Let g be the Stiefel–Whitney genus of M .
If βw1(M)= 0, then M has tri-genus (0,2g,g3). Is it true that g3 = h(M)+ 1?
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If βw1(M) 6= 0, then M has tri-genus (1, g2, g3). Is it true that g2 = 2g − 1, and
g3 = h(M)?
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